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We theoretically study step wandering and step bunching induced by the drift of adatoms with attention to
the permeability of steps. The critical drift velocity to induce the instability is calculated, and Monte Carlo
simulation is performed to test the linear analysis. In sublimation, when the step distance is small in compari-
son with the surface diffusion length, the wandering and bunching of steps can occur simultaneously with the
step-down drift if steps are impermeable. The instabilities do not occur simultaneously if steps are permeable:
the bunching occurs with the step-up drift, and the wandering with the step-down drift. In growth, when the
step distance is small, the bunching occurs with the step-down drift and the step wandering occurs with the
step-up drift irrespective of the permeability, in agreement with Me´tois and Stoyanov @Surf. Sci. 440, 407
~1999!#. The change of the permeability with increasing temperature can explain the instabilities observed in
Si~111! vicinal face @M. Degawa et al., Jpn. J. Appl. Phys 38, L308 ~1999!#.I. INTRODUCTION
Step bunching in a vicinal face of Si~111! in sublimation
by heating with direct electric current has been a long stand-
ing mystery because the current direction to induce the
bunching changes several times as temperature changes.1–7
According to Homma and Aizawa7 the bunching occurs with
step-down current in the lowest temperature range ~range I:
860 °C,T,960 °C) and the third temperature range ~range
III: 1210 °C,T,1300 °C) while it occurs with step-up cur-
rent in the second ~range II: 1060 °C ,T,1190 °C) and the
fourth ~range IV: 1320 °C,T) temperature ranges. The heat-
ing current induces drift of adsorbed atoms ~adatoms! either
parallel or antiparallel to the external electric field according
to the effective charge of an adatom. The cause of the change
has been attributed to the change of the effective charge,8 to
the change of diffusion length9,10 and to the diffusion of
surface vacancies.11 Recently Stoyanov proposed a different
mechanism, that is the change of permeability of steps.12
Step bunching was also observed during growth in ranges
I–III. In all these temperature ranges the bunching always
occurs with the step-down current13 ~no experiment was per-
formed in range IV!: the current direction for bunching is
reversed in range II compared with the sublimation case. As
explained by Me´tois and Stoyanov, the reversal is consistent
to the interpretation that the steps are permeable in range II.
If the kink density along the step is high, an adatom at-
taching to the step always reaches a kink position to solidify.
The adatoms crossing the step without solidification are neg-
ligibly few, and the step is called impermeable ~nontranspar-
ent!. In the impermeable case, the step bunching was studied
theoretically with a step flow model.9,10,14–22 When the dis-
tance between steps is smaller than the surface diffusion
length, which situation is likely for a Si~111! vicinal face,2,3
the step bunching is possible with the step-down drift in
sublimation. There is a critical drift velocity above which the
bunching occurs, and it is determined by the strength of the
repulsive interaction between steps.10,15,16,20–22 If the step is
impermeable in ranges I, II, and III, the reversal of the cur-PRB 620163-1829/2000/62~12!/8452~21!/$15.00rent direction may be explained by the change of the effec-
tive charge Zeffe:8 a positive charge in ranges I and III, and a
negative charge in range II ~we do not consider range IV in
this paper!. In the bunching, the size of a bunch ~or equiva-
lently the width of the large terrace! increases with the an-
nealing time in a power law L;tb.5 The theoretical value
b51/2 ~Refs. 18, 20, and 21! agrees with the experiment.
However, in a recent experiment23 the observation of the
surface profile of a grooved surface after heating with current
suggests that the drift direction is always parallel to the cur-
rent irrespective of temperature.
Theoretically in a vicinal face two kinds of instabilities,
step bunching and step wandering,22,24,25 are possible. Re-
cently Degawa et al. observed both bunching and the wan-
dering by using a cylindrical specimen.26 At 1000 °C ~in
range II!, in-phase wandering occurs with the step-down cur-
rent, while bunching occurs with a step-up current. Although
a step wandering instability with the drift of adatoms has
been predicted, the current direction to induce the wandering
is the same as the bunching instability if steps are imperme-
able. Therefore, the instabilities cannot be explained simply
by the change of the effective charge.
If the kink density along the step is low, adatoms attach-
ing to a straight part of the step may not reach a kink position
and leave the step without solidification. The adatoms cross-
ing the step without solidification are not negligible, and the
step is called permeable ~transparent!. Stoyanov studied the
stability of an isolated bunch consisting of permeable steps
in the drift flow, and found that the isolated bunch is stable
with the step-up drift.12 Therefore, without a change of sign
of the effective charge, a reversal of the current direction for
bunching is possible from a change of the step permeablity:
the steps are impermeable in ranges I and III, and permeable
in range II. The relation between the step distance and the
number of steps in a bunch,27 as well as the observed bunch-
ing in growth,13 support this interpretation. Then if theory
predicts the wandering instability of permeable steps with
step-down drift in sublimation, the above interpretation is
consistent with the observation of wandering instability.8452 ©2000 The American Physical Society
PRB 62 8453INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .In this paper, we study the instabilities of permeable and
impermeable steps both in growth and in sublimation. By a
linear analysis we derive quantitative conditions for the in-
stabilities to occur. Then we carry out a Monte Carlo simu-
lation to test the theory, at least qualitatively.
II. MODEL
A. Continuum model for a mathematical analysis
We use the standard step flow model with drift of
adatoms9,10,14–22,24,25 for a mathematical analysis of the step
motion. When the drift is perpendicular to the average ori-
entation of steps, the diffusion equation of the adatom den-









where Ds is the diffusion constant, t the adatom lifetime for
evaporation, v the drift velocity ~which can be written as v
5ZeffeEDs /kBT with the applied electric field E), and F the
impingement rate of atoms. We suppose that the steps are
parallel to the x axis on average, and that the y axis points
toward the step-down direction. Unless the adatom density is
very high and the step motion is fast, we may use the quasi-







The adatom current is given by
j~r!52Dsc~r!1vc~r!ey , ~2.3!
where the first term is due to the surface diffusion and the
second term is due to the drift of adatoms. The terrace is
bounded by steps, where solidification and melting occur.
We may consider that some adatoms solidify at the step po-
sition, and others cross over the step to the neighboring ter-
races without solidification. Then the boundary conditions at







where nˆ is the unit vector normal to the step in the step-down
direction, y5zm(x ,t) the position of the mth step, K1(2) the
kinetic coefficient, and P the permeability coefficient of the
step. The subscript 1(2) indicates the lower ~upper! side of
the step. The equivalent electric circuit for an isolated step
~without external field! is shown in Fig. 1~a!. The rate of the
adatoms permeating the step is proportional to the difference
of the adatom densities in the lower and upper sides of the
step. The solidification rate is proportional to the difference
of the adatom density at the step and that in equilibrium. The
equilibrium adatom density is given bycm~x !5ceq
0 S 12 V f m~x !kBT D , ~2.6!
where ceq
0 is the equilibrium adatom density for a straight
step, and f m(x) the force acting on the mth step. When we
take account of the step tension and the interaction between





where km is the curvature of the mth step, b˜ the step stiff-
ness, and jm the step energy. @Equation ~2.6! is an approxi-
mation and the general form is given in Ref. 29.# With a step
energy jm of the form
jm~x !5j01 (
n5m61
U@ uzm~x !2zn~x !u# , ~2.8!













where we use U(l)5A/ln as the repulsive interaction poten-
tial. In this paper we use n52 as the exponent of the repul-
sive interaction potential, which corresponds to the elastic
interaction.30 For simplicity, we will only study the perfectly
permeable case P→‘ and the impermeable case, case P
50, to clarify the effect of the step permeability.
B. Lattice model for simulation
To check the mathematical analysis we carry out Monte
Carlo simulation. We consider a square lattice with periodic
boundary conditions. The lattice constant and step height are
a51. We use solid-on-solid ~SOS! steps: overhanging of a
FIG. 1. Electric circuits equivalent to a single step in the super-
saturated adatom density c‘ . The resistance is defined by R
5Dc/ j , where j is the atomic current. ~a! With general boundary
condition. ~b! For a perfectly permeable step. ~c! For an imperme-
able step. ~d! In the limit of fast step kinetics.
8454 PRB 62MASAHIDE SATO, MAKIO UWAHA, AND YUKIO SAITOstep is excluded and the step position is a single-valued func-
tion of x. Two-dimensional nucleation on terraces is forbid-
den. The algorithm of the simulation is similar to that of
Refs. 31 and 32, except that the jump of adatoms over the
step is allowed without an extra diffusion barrier to include
the permeability of adatoms at step sites.25,33 The uniform
drift of adatoms is taken into account as a biased diffusion
probability. This treatment is valid when the adatom density
is low. We choose the time increment for a diffusion trial
Dt51/4Na (Na is the number of adatoms! in order to make
the diffusion constant Ds51. When the drift velocity is v ,
an adatom on the site (i , j) moves to the site (i61,j) with
the transition probability 1/4, and to the site (i , j61) with
the probability (16v/2)/4 in a diffusion trial if the destina-
tion is empty. When an adatom comes in front of a step, the
adatom solidifies with the probability
ps5F11 expS DEs1DU2fkBT D G
21
. ~2.10!
The increment of the step energy by the solidification DEs is
given by DEs5e3 ~the increment of the step perimeter!,
where the nearest-neighbor bond energy e is related to the







The change of the step-step interaction potential DU , when




$U@ uzm8 ~ i !2zn~ i !u#2U@ uzm~ i !2zn~ i !u#%
5A (
n5m61
@ uzm8 ~ i !2zn~ i !u222uzm~ i !2zn~ i !u22# .
~2.12!
The chemical potential gain by the solidification f deter-







To satisfy the detailed balance, an atom in the step melts, and
becomes an adatom with the probability
pm5F11 expS DEs1DU1fkBT D G
21
~2.14!
if there is not an adatom on top of the atom. To select an
atom that does the transition trial, we prepare a single table
for all atoms and step atoms and pick up one atom from the
table. Then the kinetic coefficient K21K154. This algo-
rithm is for perfectly permeable steps. The algorithm for an
impermeable step is introduced in Sec. IV A and in Appen-
dix A.III. WANDERING INSTABILITY OF THE PERMEABLE
STEP
When a step is perfectly permeable, P→‘ , the adatom
densities in the upper and the lower side of the step are the
same @see Fig. 1~b!#:
cus5cuzm15cuzm2 . ~3.1!
This is the boundary condition used in the original model of
Burton, Cabrera, and Frank.34 The step velocity to the nor-
mal direction Vn is given by
Vn52VK~cs2cm!5VDsnˆ~„cuzm12„cuzm2!, ~3.2!
where V is the atomic area, and K is the average kinetic
coefficient defined by K5(K11K2)/2. Solidifying atoms
are supplied by the diffusion current from both terraces.
Since there is no gap in the adatom density at the step, there
is no contribution of the drift current to the step velocity. By
solving Eq. ~2.2! with the boundary conditions ~3.1! and
~3.2!, the normal velocity Vn is determined. Time evolution







A. Wandering of an isolated step
We first study the motion of an isolated step without im-
pingement of atoms: F50. The boundary conditions far
from the step are c(y→6‘)50, and the velocity of the






where xs5ADst is the surface diffusion length, and the
scaled quantities are defined as v˜5vxs /Ds and l
5Ds /Kxs . With a sinusoidal perturbation of the wave num-
ber q to the straight step, the position of the step is given by
z15V0t1dzeiqx1vqt,where vq is the amplification rate in
the linear theory. By solving the diffusion equation, we ob-






2v˜ ~Av˜ 21414q˜ 22Av˜ 214 !
~21lAv˜ 214 !~21lAv˜ 21414q˜ 2!
2
2G˜ q˜ 2Av˜ 21414q˜ 2
~21lAv˜ 21414q˜ 2!
, ~3.5!
where q˜5qxs and G˜ 5Vb˜ /kBTxs .
When the wavelength of the fluctuation is longer than the




















The coefficient a2 determines the stability at long wave-





2~11l! F v˜~11l! 24G˜ G , ~3.9!
which is the same as the corresponding coefficient for the
impermeable step24 when the step kinetics is fast, l→0. The
first term is the effect of the drift, which is destabilizing if
v˜.0, and the second term is the effect of the stiffness,
which stabilizes a straight step. As a result of competition
between these effects, the straight step is unstable with the






For v larger than vc
W
, a small fluctuation grows exponen-
tially. If we include thermal fluctuation in our model as a
random force, the amplitude of the step fluctuation is deter-
mined by a2 and ^dz2&}ua2u21 for the stable case.31,32
~Near the critical point, nonlinearity becomes important.35!
Therefore, we expect the enhancement of fluctuation with
v˜.0 and suppression with v˜,0. The coefficient a4 deter-









˜ G . ~3.11!
For the wandering instability to occur the drift is in the step-
down direction (v˜.0), and a4 is negative. The step is stable
for the short wavelength fluctuation. The wavelength of the
most unstable mode is determined as lmax52pA2ua4u/a2,
which becomes long near the threshold of the instability.
Since the amplitude of the fluctuation increases rapidly
after the instability occurs, we need to take account of non-
linear effects to predict the step behavior. Since the wave-
length of the most unstable mode is long near the threshold
of the instability, the linear evolution equation is obtained
from Eq. ~3.6! by replacing vq and iq with ]/]t and ]/]x .
Higher order terms should reflect the inversion symmetry of
the system in the x direction, x↔2x . Then the most domi-
nant nonlinear term near the threshold of the instability is
proportional to (]z/]x)2. This type of nonlinear term is re-
lated to the velocity increment of the inclined straightstep.25,36 The normal velocity of the inclined step Vn(zx) is
given by replacing v˜ 2 with v˜ 2/(11zx2) in Eq. ~3.4!. If we





















where we have neglected v˜ 2. Adding the nonlinear term to













This equation is called the Kuramoto-Sivashinsky
equation,37,38 and its solution is known to produce spatiotem-
poral chaos. Therefore, near the threshold of the instability,
the step is expected to show chaotic behavior if the anisot-
ropy of crystal is negligible.24,25,32,39 The effect of the anisot-
ropy is discussed in Refs. 40 and 41.
To confirm the above analysis we performed Monte Calro
simulation. Figure 2 represents the time evolution of an iso-
lated step with the drift. The system size is 2563256 and the
parameters are t5256, ceq0 50.18 (f/kBT51.0), and
b˜ /kBT50.54 (e/kBT51.5). The initial step position is
z(x ,t)50. By using Eq. ~3.7!, the drift velocity to induce the
wandering instability is estimated to be 8.831023<v
<1.4. Figure 2~a! shows the time evolution with the step-up
drift (v520.1). The wandering fluctuation is suppressed
and the receding step is more straight than that without the
drift @Fig. 2~b!#.25 Figure 2~c! shows the time evolution with
the step-down drift (v50.1). The drift velocity is in the
unstable range and the wandering instability is evident. From
Eq. ~3.5! the wavelength of the most unstable mode is ob-
tained as lmax.36, which agrees roughly with the period of
the peaks of the wandering pattern observed in the initial
stage of the instability. In the late stage the period of the
peaks becomes longer. The positions of peaks are moving
randomly along the step, and collision and creation of hills
occur. The step pattern is similar to the chaotic pattern of a
solution of Eq. ~3.14! with negative d .42
B. Step wandering in a vicinal face
We consider a vicinal face consisting of equidistant par-
allel steps with a distance l. Wandering of the steps in the
linear regime is expressed in terms of the position of the mth
step as zm5ml1dzeiqx1imkl1vt. Since it is difficult to cal-
culate v for general q and k, we consider the simplest case:
all steps fluctuate in phase, that is k50. When there is no
impingement of the atoms, F50, the amplification rate v is
calculated in a similar way as in the isolated step case. It is
given by













2 S v˜ sinh a l˜2 2a cosh a l˜2
1ae2v




S cosh a l˜2 2 cosh v˜ l˜2 D




S cosh aq l˜2 2 cosh v˜ l˜2 DG˜ q˜ 2, ~3.15!
FIG. 2. Time evolution of the position of a perfectly permeable
step in sublimation: ~a! with the step-up drift (v520.1), ~b! with-






aq5Av˜ 21414q˜ 2, ~3.18!
g052laS cosh a l˜2 2 cosh v˜ l˜2 D 12 sinh a l˜2 , ~3.19!
gq52laqS cosh aq l˜2 2 cosh v˜ l˜2 D 12 sinh aq l˜2 .
~3.20!
When the step distance is smaller than the surface diffusion
length, l!xs , the amplification rate vq in the long-




0 ’S v˜ l˜5360 2G˜ l˜ D q˜ 21 , ~3.21!
which does not depend on the step kinetics l . Similarly to
the case of an isolated step @Eq ~3.9!#, the wandering insta-








which is larger than that of the isolated step. Since vc
W is
inversely proportional to (l/xs)4, the vicinal face rapidly be-
comes stable with decreasing step distance.
Figure 3 shows snapshots of the wandering instability of a
step train. The system size is 5123128 and the number of
steps is four. Initially the steps are straight with the same
distance l532. The surface diffusion length is xs564,
which is twice as long as the initial step distance. The equi-
librium adatom density is ceq
0 50.27. To make the wandering
instability accessible in the simulation, we use steps with
small stiffness b˜ /kBT50.13. From Eq. ~3.22! the critical
drift velocity is estimated to vc
W50.18. The strength of the
repulsive interaction is A51000, with n52. Figure 3~a! rep-
FIG. 3. Snapshots of the wandering of a train of perfectly per-
meable steps: ~a! at t54.13105 with the repulsive interaction
(A/kBT51000), and ~b! at t54.13105 without repulsive interac-
tion. The drift is in the step-down direction (v50.4).
PRB 62 8457INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .resents the step wandering with the step-down drift (v
50.4). By the repulsive interaction, the in-phase motion of
the step wandering pattern is evident. When the repulsive
interaction is turned off, although the in-phase mode has the
largest growth mode, the phase coherence vanishes due to
the randomness @Fig. 3~b!#.
IV. WANDERING INSTABILITY OF IMPERMEABLE
STEP
To study the wandering instability of impermeable steps,
we need to change the boundary conditions @Eqs ~3.1! and
~3.2!#. Since the step is impermeable to the surface diffusion,
adatoms cannot jump over the steps without solidification
and the parameter for the permeability P50 in Eqs. ~2.4!
and ~2.5! @see Fig. 1~c!#. If the kinetic coefficient is finite, the
gap of the adatom density is produced between the lower and
upper sides of the step. Since the adatom flux to the step is
proportional to the difference between the adatom density at
the step and that at equilibrium, the boundary conditions are








The difference of the kinetic coefficients K1 and K2 is the
Ehrlich-Schwoebel ~ES! effect,43,44 which can also induce
the instabilities. If K1.K2 , the wandering instability oc-
curs in growth32,39,45,46 and the bunching instability occurs in
sublimation.44,47,48 For simplicity we neglect the ES effect
and set K15K25K . By solving the diffusion equation ~2.2!
with the boundary conditions @Eqs. ~4.1! and ~4.2!# we can
calculate the profile of the adatom density. From the density




A. Wandering of an isolated step
We consider the wandering of an isolated step without the
impingement of adatoms. By solving the diffusion equation
with the boundary conditions far from the step c(y→6‘)






When we give a small perturbation z5dzeiqx1vqt to the













G˜ q˜ 2. ~4.5!








Av˜ 21414q˜ 22Av˜ 214 !
2G˜ q˜ 2Av˜ 21414q˜ 2, ~4.6!
which is, as expected, the same as the amplification rate of
the permeable step @Eq. ~3.5!# with l→0. In this limit, since
there is no kinetic barrier at the step, the gap in the adatom
density disappears and we obtain eq. ~3.1! @see Figs. 1~b! and
1~d!#. When the step kinetics is slow and l@1, the amplifi-








S v˜2 4l3 G˜ D q˜ 21 ~4.7!
for the long-wavelength fluctuation. The critical drift veloc-









W is inversely proportional to the kinetic coefficient
K, with increasing the value of K, the critical drift velocity
decreases and the step becomes less stable. Irrespective of
the kinetics, a receding step becomes unstable with the step-
down drift.
We carry out Monte Carlo simulation to test the linear
stability analysis. The diffusion of the adatoms is the same as
that for the permeable case except that the adatoms cannot
jump over the steps @Fig. 4~a!#. When an adatom comes in
front of a step site or just on the step site after a diffusion
trial, the adatom tries to solidify @Fig. 4~b!#. The solidifica-
tion of the adatom in front of the step is the same as that in
the permeable case. On the other hand, the solidification of
the adatom on the step site is tried only if the front of the site
is not occupied by another adatom @Fig. 4~c!#. When the
adatom on the step site solidifies, it moves down to the front
of the step site and solidifies there @Fig. 4~b!#. When an atom
consisting the step melts and becomes an adatom, the adatom
stays there with the probability 1/2 or moves onto the upper
terrace with probability 1/2 if the destination is not occupied
@Fig. 4~d!# ~otherwise it cannot melt!. Since the solidification
occurs in both sides of the step, we set the melting probabil-
ity twice as large as the previous permeable case. There is a
small asymmetry in this algorithm: the probability of solidi-
fication from the upper terrace is approximately (12cuz1)
times smaller than that onto the lower terrace and the prob-
ability of melting in the upper side terrace is approximately
(12cuz2) times smaller than that onto the lower terrace. The
8458 PRB 62MASAHIDE SATO, MAKIO UWAHA, AND YUKIO SAITOasymmetry decreases with decreasing adatom density. An
estimate of the equilibrium density and the kinetic coeffi-
cients for the present algorithm are given in Appendix A.
Figure 5 shows time evolution of the step position in the
Monte Carlo simulation. The parameters are xs516, ceq
0
50.18 (f/kBT51.5), and b˜ /kBT50.54 (e/kBT51.0).
Since the step kinetics is fast l251.631022!1 and l1
51.931022, the amplification rate vq is approximately
given by Eq. ~4.6! and the critical drift velocity is vc
W’8.4
31023. Figure 5~a! is the time evolution of the step position
with the step-up drift (v520.2). As expected from the lin-
ear analysis, the step is more straight than that without the
drift @Fig. 5~b!#. Figure 5~c! represents the time evolution
with the step-down drift. Since the drift velocity v50.2 ex-
ceeds the critical value, the step is unstable and the wander-
ing instability occurs. The wavelength of the fastest growing
mode expected from Eq. ~4.5! is estimated to lmax524,
which roughly agrees with the wavelength of the fluctuation
observed in the initial stage of the instability. The unstable
step produces peaks, which show chaotic motion similar to
the permeable step.
B. Wandering instability in the vicinal face
When steps are straight and equidistant with a distance l,
without the impingement of atoms, the adatom density on the
terrace 0<y<l is given by
c0~y !5ceq
0 ev
˜ l˜/2S A cosh ay2xs 1B sinh ay2xsD , ~4.9!
where
FIG. 4. Atomic processes at an impermeable step in the Monte
Carlo simulation: ~a! prohibition of the diffusion over the step, ~b!
solidification at the front site of the step, ~c! prohibition of the
solidification at the site occupied by another adatom, and ~d! melt-
ing onto the upper and the lower terraces.A52
1
h0~ l !








F S lv˜2 cosh a l˜2 2la2 sinh a l˜2 2 cosh a l˜2 D
1S 11 lv˜2 D e2v˜ l˜/2G , ~4.11!







FIG. 5. Time evolution of the position of an impermeable step
in sublimation ~a! with the step-up drift (v520.2), ~b! without the
drift (v50), and ~c! with the step-down drift (v520.2).
PRB 62 8459INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .Since each terrace is treated separately, we can calculate the amplification rate vq with a general k. By using Eq. ~4.9!, the


























2 Gq˜ 2, ~4.13!where
k˜5kxs ~4.14!









































Hereafter we consider the case that the step distance is
much smaller than the surface diffusion length and that l
!1. We expand Eq. ~4.13! with l, and take account of the
lowest order in l. For simplicity, we calculate vq for an
in-phase fluctuation, k50. When the step kinetics is slow
enough to satisfy l@l/xs , the amplification rate for the





˜ !q˜ 21 . ~4.19!
The equidistant train of steps is unstable with the step-down







which is one-fourth of vc for an isolated step. With l
!l/xs , the form of the amplification rate changes. In thelimit of fast step kinetics, l→0, the step becomes permeable
and we obtain the same result of as Eq. ~3.21!.
As shown in Table I, without the impingement of ada-
toms, the wandering instability occurs with the step-down
drift for both the permeable and the impermeable steps. With
the fast step kinetics, the difference due to the step perme-
ability vanishes.
V. BUNCHING INSTABILITY OF THE PERMEABLE
STEP
In the case of the permeable steps, the adatom densities of
neighboring terraces are coupled by the boundary condition
Eq. ~3.1!. In the step flow model, we must solve simulta-
neous equations to determine the adatom densities and it is
difficult to study the bunching of many steps. Therefore we
use a continuum model,49 in which the drift of adatoms is
readily taken into account. Recently Stoyanov12 argued that a
vicinal face consisting of permeable steps is unstable with
the step-up drift, and showed that a large bunch is stabilized
with the step-up drift. Here we analyze the linear stability of
a vicinal face for a long-wavelength fluctuation, and give an
analytical expression for the condition of the instability.
We neglect the fluctuation along steps and assume that the
steps are straight. When the step distance is small compared
with the characteristic length of modulation, we can describe
the surface profile with the density of steps r(y). Time evo-


















]y $2rVK@c2ceq~y !#%50, ~5.2!
where ceq(y) is the local equilibrium density of adatoms.
Equation ~5.1! is the diffusion equation including the effect
of solidification of adatoms at the steps. The decrease of the
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Growth condition Permeability Terrace Kinetics Drift Instability
sublimation permeable isolated fast/slow down wandering
l/xs!1 fast/slow down wandering
not too slow (l!xs /l) up bunching
impermeable isolated fast/slow down wandering
al/xs@1 fast/slow up bunching
down wandering
al/xs!1 fast/slow down wandering/bunching
growth permeable isolated fast/slow up wandering
l/xms!1 fast/slow up wandering
not too slow (l!xs /l) down bunching
impermeable isolated fast (l!1) up wandering
slow (l@1) down wandering
al/xs@1 fast (l!l/xs) down bunching
slow (l@l/xs) down wandering /bunching
al/xs!1 fast (l!l/xs) up wandering
down bunching
slow (l@l/xs) down wandering/bunchingadatom density due to solidification is proportional to the
local step density. Equation ~5.2! is the continuity equation
of the step density. The step current is rV with the step
velocity
V52VK@c2ceq~y !# . ~5.3!
Since we consider modulation only in the y direction, the
curvature of the steps vanishes and the equilibrium adatom
density is determined by the step interaction. The interaction





















which is the surface stiffness in y direction divided by a2.
When the step density is uniform r5r0, from Eqs. ~5.1! and
~5.2!, the adatom density c0 and the step velocity V0 in the











We study the linear stability of the vicinal face by giving
a small perturbation to the step density, r5r01dreiky1vkt
and to the adatom density, c(y)5c01dceiky1vkt. Equations
~5.1!–~5.4! determine the amplification rate vk viavk
21Fk2~Ds12Vgr0K !1ik~V01v !1 1t 12r0KGvk
1S k2Ds1ikv1 1t D ~2k2Vgr0K1ikV0!50. ~5.8!
There are two branches of solutions: vk5v(1)→0 and vk
5v(2)→21/t2r0K with k→0. Since the second mode
decays much faster than the first one, the important amplifi-
cation rate is the first one. The amplification rate is expressed
as
vk5in1k1n2k21in3k31n4k41 . ~5.9!
The real part of vk represents the amplification of the fluc-
tuation. The instability for the long wavelength fluctuation is




S v2 V01v112r0Kt D2 2Vr0Kg~r0!112r0Kt .
~5.10!
The second term is the effect of the step repulsion and al-
ways stabilizes the vicinal face. The first term in Eq. ~5.10!
can destabilize the vicinal face. If the step kinetics is very
slow, r0Kt→0, the first term is proportional to 2V02(,0)
and stabilizes the vicinal face. On the other hand, if the step
kinetics is fast, 1!r0Kt , i.e., l,xs /l , the first term can be




























and the vicinal face is unstable. Since n4 is always negative,
the vicinal face is still stable for the short-wavelength fluc-
tuation. In sublimation, V0,0, the instability occurs with the
step-up drift. The drift direction to induce the bunching in-
stability is opposite to that for the impermeable steps. Since
the critical drift velocity is inversely proportional to the step
velocity, with increasing the undersaturation, the bunching
instability occurs more easily. The imaginary part of vk rep-
resents the propagation of the fluctuation. Near the threshold
of the instability, the wave number of the fastest growing
mode is small and the dominant term of the propagation in
vk is n1k . The propagation velocity is 2n1, which is pro-
portional to the step velocity V0 and in the opposite direction
to the step motion. Since rKt@1, it is much slower than the
motion of the steps.
Figure 6 represents snapshots of a step train in Monte
Carlo simulation. The system size is 1283256 with 32 steps.
Initially the steps are straight and equidistant. There is no
impingement of adatoms, and the receding steps become un-








The parameters in Fig. 6 are l58, xs516, ceq
0
50.18, b˜ /kBT50.54 and A/kBT54. Then the critical drift
velocity vc
y is calculated as vc
B520.19. Figures 6~a! and
6~b! show snapshots with the step-up drift. The drift velocity
is v520.6, and step bunching occurs. In the initial stage of
the bunching @Fig. 6~a!#, the long-wavelength fluctuation of
the step distance appears. In the late stage @Fig. 6~b!#, the
bunches collide with each other and large bunches appear.
When we carry out the simulation in a larger system ~the
system size is 5123512, with 64 steps!, the bunches wander
and sometimes collide with neighboring bunches @Fig. 6~c!#.
The pattern is similar to the form of bunches observed in the
experiment3 and the one in the simulation of a simplified step
model.17 Figures 6~d! and 6~e! show snapshots of the step
bunching without the repulsive interaction, where only the
formation of multiheight steps is forbidden. In the initial
stage @Fig. 6~d!#, the step train is unstable for a short-
wavelength fluctuation, and bunches consisting of a few
steps wander. In spite of such a large difference in the initial
stage, large bunches appear in the late stage @Fig. 6~e!#. Be-
cause of a lack of repulsive interaction, the step distance in
the bunches is smaller than that with repulsion.
VI. BUNCHING INSTABILITY OF THE IMPERMEABLE
STEP
To study the bunching of impermeable steps, we use the
same model as that used in Sec. IV. The diffusion equation isgiven by Eq. ~2.2!, and the boundary conditions are Eqs.
~4.1! and ~4.2!. The linear stability is studied in Ref. 16, and
here we summarize the result. When the impingement of the
adatoms is negligible, the velocity of the mth step V0
m is
FIG. 6. Snapshots of bunching of permeable steps in sublima-
tion: ~a! in the initial stage (t55.63104), ~b! in the late stage (t
58.23104), and ~c! in the late stage (t51.03105) in a large sys-
tem, with the step-up drift (v520.6) and repulsive interaction
(A/kBT54.0). ~d! In the initial stage (t54.13103), and ~e! in the
late stage (t52.13104), with the step-up drift (v520.6) and no
repulsive interaction.





@~22l2v˜ !sinh~a l˜1/2!2a cosh~a l˜1/2!#cn1ae2v
˜ l˜1/2cn11
~11l2!sinh~a l˜1/2!1al cosh~a l˜1/2!
1
@~22l1v˜ !sinh~al2/2xs!2a cosh~a l˜2/2!#cn1aev
˜ l˜2/2cn21
~11l2!sinh~a l˜2/2!1al cosh~a l˜2/2!
, ~6.1!where l˜6 are the scaled width of the upper side (2) and the
lower side ~1! terraces, and l˜65uzm612zmu/xs . The equi-
librium adatom density at the mth step cm is given by Eq.
~5.4!. For the small perturbation dym5dykeimk
˜ l˜1vkt to the
straight steps, the amplification rate vk is given by
t Re vk
Vceq





0 5@s1~ l !2s2~ l !F~ l !#sin k˜ l˜ , ~6.3!
where the coefficients are16
m1~ l !52
d




2l sinh~a l˜/2!1a cosh~a l˜/2!2a cosh~v˜ l˜/2!cos k˜ l˜





d l˜ F2l sinh~a l˜/2!1a cosh~a l˜/2!2a cosh~v˜ l˜/2!~11l2!sinh~a l˜/2!1al cosh~a l˜/2! G ,
~6.6!
s2~ l !5
2a sinh~v˜ l˜/2!~12 cos kl !
~11l2!sinh~a l˜/2!1al cosh~a l˜/2!
. ~6.7!






which is proportional to v˜ . The bunching instability is in-
duced by the step-down drift if it wins the repulsive interac-
tion. A simple formula is obtained if l/xs!l;1: Eq. ~6.2!
becomes16t Re vf
Vceq
0 5F2v˜l 24F~ l !S l˜1 12 cos fl D Gsin2 k˜ l˜2
’S v˜2l 2F~ l ! l˜ D l˜2k˜ 22 F~ l !2l l˜4k˜ 41 .
~6.9!
The coefficient of k4 is determined by the repulsive interac-
tion potential, and is negative. The vicinal face is stable for
the short-wavelength fluctuation. When the drift is in the







the coefficient of k2 is positive, and the vicinal face becomes
unstable for the long-wavelength fluctuation.
In the above analysis we supposed that the steps are
straight. If the step distance is small, however, the step wan-
dering is also induced by the step-down drift. Figure 7 shows
snapshots of a step train with a small step distance in Monte
Carlo simulation. The system size is 1283256 and the num-
ber of steps is 32. Initially the steps are equidistant and l
58. The parameters are xs516, b˜ 51.35, ceq0 50.18, and
A/kBT54. Figure 7~a! shows a snapshot of the step train
with step-up drift (v520.3) at t51.83104. As expected
from the linear analysis, neither the wandering nor the
bunching occurs. When the drift is in the step-down direction
(v50.3), both the bunching and the wandering occur simul-
taneously @Figs. 7~b! and 7~c!#. In the initial stage @Fig. 7~b!#,
step wandering accompanied by bunching with short length
occurs. The short bunches grow and the bunches are con-
nected to each other @Fig. 7~c!#, which is very different from
bunching of permeable steps ~Fig. 6!. Though the wandering
and bunching are induced simultaneously in Fig. 7, when we
use appropriate parameters, the bunching @Fig. 8~a!, with a
large stiffness# or the wandering @Fig. 8~b!, with a small
stiffness and a strong repulsion# is induced separately.
Figure 9 contains a snapshot of a step train with the dis-
tance longer than the surface diffusion length, l/xs52. The
equidistant step train with a large step distance is unstable
with the step-up drift. The linear instability with a large step
distance is studied by the one-dimensional step flow
model.9,10,16 With increasing step distance, the drift direction
to induce the step bunching changes and the equidistant step
train is unstable with the step-up drift. Since the step train
with a small step distance is stable with the step-up drift,
tight bunches are not produced. Thus the result of simulation
PRB 62 8463INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .FIG. 7. Snapshots of impermeable steps with the repulsive interaction (A/kBT54) in sublimation: ~a! stable (t51.83104), with the
step-up drift (v520.4); ~b! in the initial stage of bunching (t51.03104); and ~c! in the late stage (t51.83104), with the step-down drift
(v50.4).is in agreement with the previous study.9,10,16 Since the steps
are stable for wandering, they are straight in Fig. 9.
VII. INSTABILITIES IN GROWTH
Recently, step bunching during growth with the direct
electric current is observed by Yang et al.5 in the low-
temperature range (T;945 °C) and by Me´tois and
Stoyanov13 both in the middle-temperature range (1160 °C
<T<1240 °C) and in the high-temperature range (1260 °C
<T<1320 °C). In the latter experiment the reversal of the
current direction, which is observed in sublimation, did not
occur. In this section we summarize our result of investiga-
tion for the instabilities in growth. We calculate the linear
amplification rate for the long-wavelength fluctuation. We
also show the result of Monte Carlo simulation, which was
performed in several cases to test the linear stability analysis.
The full expressions of the amplification rate are presented in
the Appendixes.
A. Wandering instability of permeable steps
If the step is perfectly permeable, the amplification rate







2~11l! F2DF˜ v˜~11l! 24G˜ Gq˜ 21 , ~7.1!
where DF˜ 5(Ft/ceq0 21) and terms of order v˜ 2 has been
neglected. Since DF˜ .0 in growth, the wandering instability
is induced by the step-up drift in contrast to the sublimation
case. Figure 10 shows the time evolution of an isolated per-
meable step obtained by Monte Carlo simulation. The pa-
rameters are b˜ /kBT51.35, ceq0 50.18, xs516, and F52
31023. The critical drift velocity expected from Eq. ~7.1! is
vc
W520.12. When the drift is in the step-down direction
(v50.2), the step is stable @Fig. 10~a!# and straighter than
that without drift @Fig. 10~b!#. When the velocity of the
step-up drift is v520.2, wandering instability occurs @Fig.10~c!#. From Eq. ~B1! the wavelength of the most unstable
mode is calculated as lmax533, which roughly agrees with
the typical wavelength of the step wandering in the early
stage of the simulation. The wavelength of the wandering in
the late stage is larger than that. The unstable step produces
grooves, and their motion is chaotic in space and time. The
pattern is similar to the solution of the KS equation ~3.14!
with a positive coefficient d of the nonlinear term.24
For the wandering in a vicinal face, the amplification rate
is given by Eq. ~B9!:
vq
VDsceq
0 5S 2DF˜ v˜ l˜5360 2G˜ l˜ D q21 . ~7.2!
The difference between vq in sublimation @Eq. ~3.21!# and
that in growth @Eq. ~7.2!# is the prefactor 2DF˜ in front of
the drift term. In growth, the wandering instability occurs
with the step-up drift irrespective of the step kinetics l .
B. Wandering instability of impermeable steps
If the step is impermeable, the amplification rate for an
isolated step is given by Eq. ~C1!. If the step kinetics is fast
l!1 and v˜ 2 is negligible, the amplification rate in growth is
obtained by replacing v˜ in the amplification rate in sublima-















In growth the instability can occur with the step-up drift (v˜
,0). Figure 11 shows the time evolution of an isolated im-
permeable step in the fast kinetics. The system size is 256
3256 and the parameters are xs516, b˜ /kBT51.35, ceq0
50.18, and F5231023. From Eq. ~7.3! the critical drift
velocity is given by vc
W521.131022. Figure 11~a! repre-
sents the time evolution of a stable step with the step-down
drift (v50.2). As expected from the linear analysis, the step
8464 PRB 62MASAHIDE SATO, MAKIO UWAHA, AND YUKIO SAITOis straighter than that without drift @Fig. 11~b!#. Figure 11~c!
represents the time evolution of an unstable step with the
step-up drift (v520.2). The unstable step produces the cha-
otic pattern similar to the permeable step.
If the step kinetics is slow l@1, the first term in Eq. ~C1!








~F˜ v˜22G˜ !q˜ 21 , ~7.4!
where F˜ 5Ft/ceq
0
. The destabilizing effect is proportional to
F˜ v˜ , which comes from the second term in Eq. ~C1!. Whether
the surface is in sublimation or in growth, the wandering
instability occurs with step-down drift in the slow step kinet-
ics. The critical drift velocity is independent of the step ki-
netic coefficient in growth ~if l is large enough!, while it is
proportional to l in sublimation (F50).
FIG. 8. Snapshots of impermeable steps in sublimation: ~a!
Bunching of straight steps with A/kBT58, l54, xs58, ceq
50.18, b˜ /kBT52.76, and v50.4 at t59.53103. ~b! Wandering
of an equidistant step train with A/kBT564, l54, xs58, ceq
50.18, b˜ /kBT50.13, and v50.4 at t51.83104.For the wandering in a vicinal face, with l/xs!l , the





˜ !q˜ 21 , ~7.5!
which is the same as that in sublimation equation ~4.19!. The
step distance is so short that the impingement F does not
influence the instability. In the limit of fast step kinetics, on
the other hand, the amplification rate is again given by Eq.
~C13!, which does not differ from the permeable case @Eq.
~3.21!#. Because of the short circuit @Fig. 1~d!#, the steps are
effectively permeable. The instability occurs with the step-up
drift in growth.
For impermeable steps, the drift direction to induce the
wandering instability changes with the step kinetics. If the
step kinetics is fast, l!1 or l!l/xs , the drift direction to
induce the instability in growth is opposite to that in subli-
mation. If the step kinetics is slow, l@1 or l@l/xs , the
drift direction to induce the instability does not change.
C. Bunching instability of permeable steps
The amplification rate of fluctuation in the step density for
permeable steps has been already given by Eq. ~5.9!. In
growth (V0.0), the bunching is induced by the step-down
drift. Figure 12 shows some results of the Monte Carlo simu-
lation for permeable steps in growth. The system size is
1283256, and the number of steps is 32. The parameters are
b˜ /kBT51.35, ceq0 50.18, F5231023, and A/kBT510.
The critical drift velocity is estimated as vc
B50.13. Figures
12~a! and 12~b! represent the step bunching with the step-
down drift (v50.4). In the initial stage (t59.63104) @Fig.
12~a!#, the equidistant step train becomes unstable for the
long-wavelength fluctuation. Later at t51.93105 @Fig.
12~b!#, the contrast of the step density becomes clear, and
large bunches appear. Since the wandering occurs with the
FIG. 9. A snapshot of the weak bunching of the impermeable
step in sublimation at t53.73104. The step distance is longer than
the surface diffusion length, l516 and xs58. The other parameters
are A/kBT510, ceq50.18, and b˜ /kBT52.76.
PRB 62 8465INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .drift of the opposite direction, the steps in the bunches are
rather straight. Figures 12~c! represents the stable step train
with v520.4. Though the drift is in the step-up direction,
the wandering instability does not occur because of the large
critical drift velocity vc
W516.9 estimated from Eq. ~7.2!.
D. Bunching instability of impermeable steps
If steps are impermeable, the difference of the amplifica-
tion rate in sublimation and in growth appears in m1(l) and
s1(l) of Eqs. ~6.2! and ~6.3!. When the step distance is





which does not depend on the impingement rate F. The step
distance is so short that the effect of impingement is negli-
gible. Thus the drift direction to induce the bunching does
FIG. 10. Time evolution of the position of a permeable step in
growth. The impingement rate is F5231023, ~a! with the step-up
drift (v520.2), ~b! without the drift, and ~c! with the step-down
drift (v50.2).not change in growth and in sublimation. When the step
distance is long al/2xs@1, Eq. ~D2! is positive with the
step-down drift in growth.16 Thus the equidistant step train is
unstable with the step-down drift in growth. The drift direc-
tion to induce the bunching changes in growth and in subli-
mation with a long step distance.
Figure 13 shows the bunching of impermeable steps with
fast kinetics K153.3 and K253.9 in growth. The system
size is 1283256, and the number of the steps is 32. The
parameters are b˜ /kBT51.35, ceq0 50.18, F5231023, and
A/kBT515. The vicinal face is unstable with the step-down
drift @Figs. 13~a! and 13~b!#. Long bunches appear in the late
stage @Fig. 13~b!# in contrast to Fig. 7~c!, where both bunch-
ing and wandering occur. The fluctuation of the bunches is
larger than that of the permeable steps @Fig. 12~b!#. When the
drift is in the step-up direction, the vicinal face is stable and
FIG. 11. Time evolution of the position of an impermeable step
in growth. The impingement rate is F5231023, ~a! with the step-
down drift (v50.2), ~b! without drift, and ~c! with the step-up drift
(v520.2).
8466 PRB 62MASAHIDE SATO, MAKIO UWAHA, AND YUKIO SAITOFIG. 12. Snapshots of bunching of permeable steps with the repulsive interaction A/kBT510 in growth, ~a! in the initial stage (t59.6
3104) and ~b! in the late stage (t51.93105) with the step-down drift (v50.4), and ~c! at t53.83104 with the step-up drift (v5
20.4),the train of straight step is equidistant @Fig. 13~c!#. Figure 14
contains a snapshot of the bunching of impermeable steps
with the long step distance, al/xs@1. The system size is
1283256 and the number of steps is 16. The parameters are
K153.3, K253.9, xs516, b˜ /kBT52.76, ceq
0 50.18, F
5531023, and A/kBT510. Steps are also unstable with the
step-down drift. The drift direction to induce the bunching
remains the same as that with a small step distance. The
fluctuation of steps is large because of the large step dis-
tance.
In growth, the step bunching occurs with the step-down
drift for both permeable and impermeable steps. The reversal
of the drift direction to induce the bunching does not occur
with growth.
VIII. DISCUSSION
The conditions to induce instabilities are summarized in
Table I. The physical reasons for these instabilities in a vici-
nal face (l!xs) are the following. The bunching of perme-
able step is explained by the change of adatom density.12
With the step-up drift in sublimation, if the step density is
high in some region the adatom density increases there due
to the melting, and the high-adatom-density region is con-
veyed to the upper part of the vicinal face and decelerates the
steps there. Steps are accumulated, and the density fluctua-
tion is amplified. With the step-down drift in growth, con-
versely, the adatom density in the high-step-density region
becomes low, and the steps in the lower part are
decelerated.13 Thus steps are also accumulated. The bunch-
ing of impermeable steps is explained by the change of the
terrace width.44 Due to the drift, neglecting the asymmetry in
the step kinetics, a step that has a larger terrace in the down-
stream moves faster in sublimation. In growth, conversely, a
step that has a larger terrace upstream moves faster. In both
cases a step overtakes the next one if the drift is in the step-
down direction, and a step pairing occurs. Repulsive interac-
tion between steps changes the pairing instability to the in-
stability of the step density.47 The bunching instability is aresult of the change of the step velocity, which is determined
by the total current flowing into ~or out from! the step. The
wandering instability is a Mullins-Sekerka instability, which
is controlled by the diffusion current at the step. Irrespective
of the step permeability the gradient of the adatom density is
steeper in the up-stream direction. Thus the diffusion current
in this direction is dominant, and the wandering instability
occurs if the up-stream direction coincides with the step
motion:42 with the step-down drift in sublimation and with
the step-up drift in growth ~if the step kinetics is too slow,
l@1, this simple argument does not hold!.
In experiment the current direction to induce the bunching
reverses several times in sublimation:2–5,26 the bunching oc-
curs with the step-down current in the low- and high-
temperature ranges, and with the step-up current in the
middle-temperature range. In growth,5,13 however, the rever-
sal does not occur, and the bunching is always induced by
the step-down current. The wandering is observed in the
middle temperature range with the step-down drift,26 which
is opposite to the current direction to induce the step bunch-
ing. All these results are explained if the steps, with al/xs
!1, are impermeable in the low- and high-temperature
ranges, and permeable in the middle-temperature range, with
a positive effective charge irrespective of temperature as pro-
posed by Stoyanov.12 Very recently, Degawa et al.23 found,
by observation of the change of a surface profile, that the
drift is always in the direction of the electric current. This
report also supports the present explanation.
In a Si~111! vicinal face, the surface diffusion length is
xs51.33106 Å, and the diffusion constant is Ds51.8
31010 Å2/s at 945 °C ~in the low-temperature range!, and
xs55.73104 Å and Ds51.631011 Å 2/s at 1273°C ~in the
high-temperature range!.5 The scaled drift velocity v˜ is given
by v˜5xsZeE/kBT , where Zeffe is the effective charge and E
is the electric field. When E5500 V/m, which is a typical
value, and Zeff50.1, the scaled drift velocity v˜ is estimated
to be v˜50.06 at 945 °C and v˜50.002 at 1273 °C. Since the
typical step distance in the experiments2–5,13,26 is l<4000
PRB 62 8467INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .FIG. 13. Snapshots of impermeable steps in growth. The initial step distance is l58, with xs516. Bunching ~a! in the initial stage (t
51.93104) and ~b! in the late stage (t53.13104) with the step-down drift (v50.2), and ~c! a stable train with the step-up drift (v5
20.2) at t53.13104.Å , al/xs!1 is satisfied. At 1190 ° C, where bunching oc-
curs with the step-up current in sublimation, the parameters
are estimated as Ds51.031011 Å/s and xs51.03105 Å5. If
bunching occurs with a step distance l>103 Å, the kinetic
coefficient is K.53103 Å/s with a perfectly permeable
step. Since the estimation of K by using the impermeable
model is K’5.53107 Å/s,5 bunching occurs with a much
smaller kinetic coefficient if the steps are perfectly
permeable.
In the Monte Carlo simulation, we only take account of
step interaction in the y direction. When bunches are straight
as in the permeable case, this simulation is valid, and
bunches similar to that in the experiments are obtained.
When the bunches bend and become parallel to the y axis as
FIG. 14. Snapshots of bunching of impermeable steps in growth
with the step distance longer than the surface diffusion length. The
drift is in the step-down direction (v50.2), and t58.83103.in the impermeable case we found in the sublimation, we
need to take account of the step interaction in all directions
and to remove the SOS condition. For the particular case
where both bunching and wandering occur simultaneously,
we have derived a two-dimensional continuum model to de-
scribe the surface morphology.22 By numerical integration of
the continuum evolution equation we have found domains of
diagonal ridges. The correlated pattern of bunching and wan-
dering in Fig. 7~c! is reminiscent of this ridge pattern. How-
ever, to obtain realistic surface pattern in a Monte Carlo
simulation, we need to use a more realistic model and to
perform larger scale simulation.
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APPENDIX A: KINETIC COEFFICIENT IN THE MONTE
CARLO SIMULATION
In the lattice model simulation for the impermeable step,
the average number of atoms that solidify in a unit time












where L is the system size ~the step length in the x direction!,
Na is the number of adatoms, and ps is the average solidifi-
cation probability:


























To balance the solidification from both sides of the step, the
melting of adatoms should occur twice as frequently as that
of the permeable step, and pm should be twice as large as
that of the permeable step. In the equilibrium state c1










which is equal to the equilibrium adatom density in the per-
meable case. If c1 and c2 deviate from this value, the net
number of solidifying atoms from the lower terrace per unit











where we have used the equilibrium condition @Eq. ~A7!#.
This number depends not only on c1 but also on c2 , which
differs from boundary condition ~4.1!. It is not possible to
find a simple algorithm which reproduces boundary condi-
tions ~4.1! and ~4.2!. The first term in eq.~A8! determines the
kinetic coefficient K1 . We have chosen the time increment
Dt51/4Na to set the diffusion coefficient Ds51. With this





The coefficient in the second term is smaller than K1 by a
factor e2f/kBT, and we suppose that at low temperatures the
contribution from the second term is small enough. Similarlythe net number of solidifying atoms from the upper terrace
per unit length is approximated in the linear order of the












The first term yields the kinetic coefficient
K254~12ceq!~ps1pm!5
4ef/kBT
11ef/kBT S 11 111ef/kBTD ,
~A11!
which is slightly larger than K1 . The coefficient of the sec-
ond term is smaller than K2 by a factor pse2f/kBT/(ps
1pm), which is expected to be small at low temperatures.
The numbers cited in the paper are calculated with Eqs. ~A9!
and ~A11!.
APPENDIX B: WANDERING OF THE PERMEABLE STEP
IN GROWTH
1. Isolated step
A step is isolated in an infinitely large facet, and atoms
impinge from the vapor with the rate F. When the perturba-
tion z1eiqx1vqt is given to the straight step, the amplification






22DF˜ v˜ ~Av˜ 21414q˜ 22Av˜ 214 !
~21lAv˜ 214 !~21lAv˜ 21414q˜ 2!
2




0 21. For a long-wavelength fluctuation,







2@22DF˜ v˜2G˜ ~41v˜ 2!~21lAv˜ 214 !#







4@2DF˜ v˜ ~213lAv˜ 214 !1G˜ ~41v˜ 2!~21lAv˜ 214 !#
~11lAv˜ 214 !3~v˜ 214 !3/2
. ~B4!
























The instability occurs when DF˜ v˜ is negative, i.e., with step-
down drift in sublimation and with step-up drift in growth.
2. Steps in a vicinal face
For an equidistant step train with step distance l, the am-














2 S v˜ sinh a l˜2 2a cosh a l˜2
1ae2v
˜ l˜/2D 14avDF˜g0gq sinh aq l˜2
3S cosh a l˜2 2 cosh v˜ l˜2 D 22DF˜ ag0gq
3S cosh a l˜2 2 cosh v˜ l˜2 D




S cosh aq l˜2 2 cosh v˜ l˜2 DG˜ q˜ 2. ~B7!
When the step distance is much smaller than the surface
diffusion length l!xs and the wavelength of the perturbation
is long enough q˜5qxs!1, vq is expanded as
vq
VDsceq
0 5S 2DF˜ v˜ l˜5360 2G˜ l˜ D q21 . ~B8!









The instability occurs when DFv is negative, i.e., with step-
down drift in sublimation and with step-up drift in growth.APPENDIX C: WANDERING OF THE IMPERMEABLE
STEP IN GROWTH
1. Isolated step
A step is isolated in an infinitely large facet with the im-
pingement of atoms F. The perturbation z1eiqx1vqt is given


















G˜ q˜ 2, ~C1!
where F˜ 5Ft/ceq
0
. When we take the the fast kinetics limit,








Av˜ 21414q˜ 22Av˜ 214 !
2G˜ q˜ 2Av˜ 21414q˜ 2, ~C2!
which is the same as Eq. ~B1! in the fast kinetics limit. When
the step kinetics is slow, l@1, the second term in Eq. ~C1!,
proportional to l21, is larger than the first term, proportional
to l22. For the long-wavelength fluctuation, the amplifica-








~F˜ v˜22G˜ !q˜ 21 . ~C3!
Whether in growth or sublimation, with the impingement of
atoms, the bunching instability occurs with the step-down








2. Steps in a vicinal face
For an equidistant train of straight steps, the adatom den-
sity is given by
c0~y !5Ft1ceq
0 ev
˜ l˜/2S A cosh ay2xs 1B sinh ay2xsD , ~C5!
where l is the step distance, and the coefficients A and B are
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DF˜
h0~ l !








F S lv˜2 cosh a l˜2 2la2 sinh a l˜2 2 cosh a l˜2 D
1S 11 lv˜2 D e2v˜ l˜/2G1 F˜ v˜lh0~ l ! F2S lv˜2 cosh a l˜2 2la2 sinh a l˜2 2 cosh a l˜2 D 1S 11 lv˜2 D e2v˜ l˜/2G . ~C7!





















































u0~y !5c0~y !2Ft . ~C11!
We assume that the step distance l is much smaller than the surface diffusion length and all the steps are perturbed with the





˜ !q˜ 21 , ~C12!





0 5S 2 DF˜ v˜360 l˜52G˜ l˜ D q˜ 21 , ~C13!
which is a generalization of Eq. ~3.22!. This result coincides with the permeable case @Eq. ~B8!#, because the gap of the adatom
density at the step vanishes in the fast kinetics limit. The instability can occur with the step-down drift in sublimation and with
the step-up drift in growth.
PRB 62 8471INSTABILITIES OF STEPS INDUCED BY THE DRIFT . . .APPENDIX D: BUNCHING OF IMPERMEABLE STEPS IN GROWTH




~22l2v˜ !sinh~a l˜1/2!2a cosh~a l˜1/2!2ae2v
˜ l˜1/2
~11l2!sinh~a l˜1/2!1al cosh~a l˜1/2!
1lv˜Ft
~22l1v˜ !sinh~a l˜2/2!2a cosh~a l˜2/2!2aev
˜ l˜2/2
~11l2!sinh~a l˜2/2!1al cosh~a l˜2/2!
2Ft
~22l2v˜ !sinh~a l˜1/2!2a cosh~a l˜1/2!1ae2v
˜ l˜1/2
~11l2!sinh~a l˜1/2!1al cosh~a l˜1/2!
2Ft
~22l1v˜ !sinh~a l˜2/2!2a cosh~a l˜2/2!1aev
˜ l˜2/2
~11l2!sinh~a l˜2/2!1al cosh~a l˜2/2!
1
@~22l2v˜ !sinh~a l˜1/2!2a cosh~al1/2xs!#cn1ae2v
˜ l˜1/2cn11
~11l2!sinh~a l˜1/2!1al cosh~a l˜1/2!
1
@~22l1v˜ !sinh~a l˜2/2!2a cosh~a l˜2/2!#cn1aev
˜ l˜2/2cn21
~11l2!sinh~a l˜2/2!1al cosh~a l˜2/2!
. ~D1!
The coefficients m1(l) of Eq. ~6.4! and s1(l) of Eq. ~6.6! are modified as
m1~ l !522lv˜F˜
d




d l˜ F Fsinh~a l˜/2!2a cosh~v˜ l˜/2!~11l2!sinh~a l˜/2!1al cosh~a l˜/2!G1DF˜ dd l˜ F2l sinh~a l˜/2!1a cosh~a l˜/2!2a cosh~v˜ l˜/2!~11l2!sinh~a l˜/2!1al cosh~a l˜/2! G , ~D3!
where F˜ 5Ft/ceq
0 and DF˜ 5(Ft/ceq0 21). When the step distance is small, al/2xs!1, m1(l) becomes
m1~ l !’24v˜
d
d l˜ Fl~DF11 !~l l˜/211 !1DF l˜/2~11l2! l˜/21l G5 2v˜l@~l211 ! l˜/21l#2 , ~D4!
which is the same as that without impingement @Eq. ~6.8!#. Thus, irrespective of the impingement of the adatoms, the vicinal
face consisting of impermeable steps can be unstable with the step-down drift.
The derivatives in eq. ~D2! are given by
d
d l˜ F2l sinh~a l˜/2!1a cosh~a l˜/2!1a cosh~v˜ l˜/2!~11l2!sinh~a l˜/2!1al cosh~a l˜/2! G52 a2~12l2!@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
2
a~11l2!@a cosh~v˜ l˜/2!cosh~a l˜/2!2v˜ sinh~v˜ l˜/2!sinh~a l˜/2!#
@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
2
a2l@a cosh~v˜ l˜/2!sinh~a l˜/2!2v˜ sinh~v˜ l˜/2! cosh~a l˜/2!#
@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
~D5!
d
d l˜ F v˜ sinh~a l˜/2!1a sinh~v˜ l˜/2!~11l2!sinh~a l˜/2!1al cosh~a l˜/2!G5 a2vl2@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
2
a~11l2!@a sinh~v˜ l˜/2!cosh~a l˜/2!2v˜ cosh~v˜ l˜/2!sinh~a l˜/2!#
@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
2
a2l@a sinh~v˜ l˜/2!sinh~a l˜/2!2v˜ cosh~v˜ l˜/2!cosh~a l˜/2!#
@~11l2!sinh~a l˜/2!1al cosh~a l˜/2!#2
. ~D6!
8472 PRB 62MASAHIDE SATO, MAKIO UWAHA, AND YUKIO SAITOWhen the step distance is much longer than the surface dif-
fusion length, Eq. ~D5! is negative, irrespective of the drift
direction. Equation ~D6! is negative with the step-down drift
and positive with the step-up drift. In sublimation the firstterm in Eq. ~D2! vanishes, and 2DF˜ 521. Then m1(l) is
positive, and the vicinal face is unstable with the step-up
drift. In growth, m1(l) is positive, and the vicinal face is
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